ON SOME CLASSES OF LINDELOF S-SPACES 
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Abstract. We consider special subclasses of the class of Lindelof E-spaces obtained by im- 
posing restrictions on the weight of the elements of compact covers that admit countable 
networks: A space X is in the class LE(^C k) if it admits a cover by compact subspaces of 
weight K and a countable network for the cover. We restrict our attention to k < oj. In the 
case K, = u, the class includes the class of metrizably fibered spaces considered by Tkachuk, 
and the P-approximable spaces considered by Tkacenko. The case k = 1 corresponds to the 
spaces of countable network weight, but even the case k = 2 gives rise to a nontrivial class of 
spaces. The relation of known classes of compact spaces to these classes is considered. It is 
shown that not every Corson compact of weight Ki is in the class -£/E(< uj), answering a ques- 
tion of Tkachuk. As well, we study whether certain compact spaces in -£/E(< u) have dense 
metrizable subspaces, partially answering a question of Tkacenko. Other interesting results 
and examples are obtained, and we conclude the paper with a number of open questions. 



1. Preliminaries 

All spaces we consider are Tychonoff (that is, completely regular Hausdorff), unless otherwise 
indicated. We use terminology and notation as in [5], with the exception that the tightness 
of a space X is denoted as t{X). 

Given a locally compact space X, we denote by aX its one-point compactification, the new 
point will be usually denoted by oo (unless oo G X). The one-point compactification of a 
discrete space of size k will be denoted by A[k). 

A topological space A is a Lindelof Ti- space, if it is a S-space in the sense of Nagami [9] and 
is Lindelof. Lindelof S-spaces are also known as K-countably determined spaces [12]. 

A multivalued mapping from A to y is a mapping that assigns to every point of A a subset 
of Y (not necessarily nonempty). For a multivalued mapping p: X ^ Y and a set A C X, 
the image of A under p is the set 



p{A) = [J{p{x) :xeA}; 
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a mapping p : X ^ Y is onto if p{X) = Y. U p: X ^ Y and q: Y ^ Z are multivalued 
mappings, then the composition of q and p is the multivalued mapping q o p: X ^ Z such 
that {q op){x) = q{p{x)) for all x € X. 

We always use adjectives such as "compact- valued" , "finite- valued" etc. for multivalued map- 
pings; the word "mapping" (or "function") without such an adjective will always mean a usual 
single-valued mapping (which we naturally identify with the corresponding singleton-valued 
mappings) . 

A multivalued mapping p: X Y is called upper semicontinuous (or use) if for every open 
set V in Y, the set {x € X : p{x) C V} is open in X. It is easy to see that continuous 
functions and inverses of perfect mappings are compact-valued use. If F is a closed subspace 
of X, then the mapping pp. X ^ F defined by 



(the inverse of the embedding ip: F ^ X) is use. A straightforward verification shows that a 
composition of compact-valued use mappings is compact- valued and use; a standard argument 
using the closedness of the graph of p in X x PY proves the following: 

Proposition 1.1. Let p: X ^ Y be a multivalued mapping. Then the following conditions 
are equivalent: 

(a) p is compact-valued use. 

(b) p is a composition of the inverse of a perfect mapping onto a closed subspace of X and 
a continuous function. 

(c) There are a compact space K, a closed subspace F of XxK and a continuous function 
f:F—>^Y such that p = f o i~^ o tt^^ , where ttx : X x K —> X is the projection and 

ip: F ^ X X K is the embedding. 

A family of sets A/" is called a network with respect to a cover C of a space X if for every set 
C & C and every neighborhood U oi C there is an element N oi J\f such that C (Z N C U [9]. 
Note that if C is a compact cover of X (that is, all elements of C are compact), and J\f is 
a network with respect to C, then the family of the closures of the elements of Af is also a 
network with respect to C. 

The next proposition sums up several well-known characterizations of Lindelof E-spaces [2] , 



Proposition 1.2. Let X be a space. The following conditions are equivalent: 
(a) X is a Lindelof Yj- space. 

(6) There are a compact cover C of X and a countable network M with respect to C. 

(c) There are a second- countable space M and a compact-valued use mapping p: M ^ X 
such thatp{M) = X. 

(d) There are a second-countable space M, a space L and mappings g: L ^ M and 
f : L ^ X such that g is perfect and f is continuous onto. 

(e) There are a second-countable space M, a compact space K , a closed subspace F of 
M X K and a continuous mapping f : F ^ X such that f{F) = X. 




iix€F 
iix^F 



[12]. 
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The equivalence of (a) and (6) is immediate from the definition (see [9]). The equivalence of 
(c), (d) and (e) follows from Proposition 1.1. Ifp:M^Xisa compact- valued use mapping 

onto X, and S is a countable base for M, then {p{B) : i? G S} is a countable network with 
respect to the compact cover {p{m) : m G M} of the space X, so (c) implies (fe). To verify 
that (6) implies (c), equip J\f with the discrete topology, and let M be the subspace of A/''^ 
(equipped with the product topology) consisting of all functions m : uj ^ J\f with the property 
that { m{i) : i ^ oj} = {N ^ M : C cA^jfor some C G C. Then M is a second-countable 
space; the mapping p: M X defined by the rule 

p{m) = [^{ m{i) : i G w } 

is compact-valued, use, and onto X. 

Note that the cardinality of the cover C as in (6) cannot exceed . 

Of course, all compact spaces and all spaces with a countable network are Lindelof S-spaces. 

From Proposition 1.2 it follows easily that the class of Lindelof E-spaces is invariant with 
respect to images under compact-valued use mappings (in particular, continuous images, 
closed subspaces and perfect preimages), countable products and countable unions. 

2. The classes LE(^ k) and KLE(^ k) 

In this article we consider subclasses of the class of all Lindelof S-spaces obtained by requiring 
that the elements of the compact cover C as in Proposition 1.2(b) have a given property. This 
leads to the following definition. 

Definition 2.1. Let /C be a class of compact spaces. Define LS(/C) as the class of all spaces 
such that there are a second-countable space M and a compact-valued use mapping p: M ^ X 
such that p{M) = X and p{m) G JC for all m e M. 

We also define the class KLE(/C) as the class of all spaces such that there are a compact second- 
countable space M and a compact- valued use mapping M X such that p{M) = X and 
p{m) G JC for all m G M. 

Clearly, always KLS(/C) C LS(/C) and all spaces in KLS(/C) are compact. 
An argument similar to the proof of Proposition 1.2 gives the following: 

Proposition 2.2. Let X be a space and fC a class of compact spaces. Then the following 

conditions are equivalent: 

(a) X G LS(/C). 

(6) There are a compact cover C of X such that C C fC and a countable network J\f with 
respect to C. 

If the class K. is closed with respect to continuous images and closed subspaces, then these 
conditions are also equivalent to 

(c) There are a second- countable space M, a space L and mappings g: L ^ M and 
f : L ^ X such that g is perfect, f is continuous, and g^^{m) G JC for all m G M. 
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{d) There are a second- countable space M , a compact space K , a closed subspace F of 
MxK and a continuous mapping f:F^X such that f{F) = X and FfMrJ^im) G /C 
for all m G M , where ttm : M x K ^ M is the projection. 

Similarly, 

Proposition 2.3. Let X be a space and JC a class of compact spaces is invariant under 
continuous images and closed subspaces. Then the following conditions are equivalent: 

(a) X G KLE(/C). 

(6) There are a compact second- countable space M, a space L and mappings g: L ^ M 
and f : L ^ X such that g is perfect, f is continuous, and g^^{m) G JC for all m G M. 

(c) There are a compact second-countable space M , a compact space K, a closed subspace 
F of M X K and a continuous mapping f : F ^ X such that f{F) = X and F n 
Tr^{m) G /C for all m G M . 

Thus, a compact space X is in LE(/C) if and only if X has a countable closed cover J\f such 
that for every x £ X the set P|{ N £ J\f : x G N } belongs to /C. A (not necessarily compact) 
space X satisfying this condition is called JC-approximable in [13] and weakly JC-fibered in [14] 
(in fact, [14] deals only with the class of weakly metrizably fibered spaces which is the class of 
weakly /C-fibered spaces with K, the class of all metrizable compacta). Note that a countably 
compact space which is /C-approximable is in LS(/C). 

If K is a cardinal, finite or infinite, we denote by LS(^ k) and KLS($; k) the classes LS(/C) 
and KLS(/C) where K is the class of all compact spaces of weight ^ n. Similarly, LS(< n) 
and KLE(< k) are the classes LS(/C) and KLS(/C) where K. is the class of all compact spaces 
of weight < k; let LE(k) = LE(^ n) \LE(< k). Since the cardinality of a compact cover with 
respect to which there is a countable network does not exceed 2^ , all spaces in LS(^ k) have 
cardinality at most 2'^+'^, and if k ^ 2'^, then the class LS(^ k) coincides with the class of 
all Lindelof S-spaces of network weight ^ k. 

When K is a finite cardinal, k" means "at most K-element sets". Thus, X G LE(n), n (z to, 
if X has a cover C consisting of at most n-element sets which has a countable network in 
X, but X does not have such a cover consisting of at most (n — l)-element sets. Obviously, 
LE(^ 1) is the class of all spaces of countable network weight, and KLS(^ 1) is the class of 
all metrizable compacta. 

^From Propositions 2.2 and 2.3 readily follows 

Proposition 2.4. Let n be a cardinal. Then the classes LS(^ k), LE(< k), KLS(^ k) and 
KLS(< k) are invariant with respect to closed subspaces, continuous images and finite unions. 
The classes LE(^ k) and LS(< k) are invariant with respect to countable unions. 

Since the product of a family of compact-valued use mappings is compact-valued and use, we 
have 

Proposition 2.5. If X e LE(^ k) and Y G LS(^ A), then X xY e LS(^ X-k). 
and 
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Proposition 2.6. // {X^ : n & u} is a countable family of spaces, and G LS(^ 
n & uj, then Y\{Xn : n Eu} E LE(^ k) where k = \ A\ ■ sup{«;n -n Elu}. 

Examples 2.7. 1. The double arrow space is in KLi;(2). Indeed, it admits a 2-to-l perfect 
mapping onto the closed interval, and therefore is in KLS(^ 2). It is not in KLS(l), because 
it has no countable network. 

2. Let T be the unit circle, and AD{T) its Alexandroff duplicate (sec e.g. [5]). Then AD{T) 
is in KLS(2), because AD(T) is not metrizable and admits a perfect 2-to-l mapping onto T. 

3. The space A{2^) is a non-metrizable continuous image of AD{T), and hence A(2!^) G LS(2). 
Therefore, A{k) G LE(^ to) iff A{k) G LE(^ 2) iff «; ^ 2^^. 

A compact space X is called metrizahly fibered [14] if X admits a continuous mapping with 
metrizable fibers onto a metrizable space. Clearly, all metrizably fibered spaces arc in KLS(^ 
to), and by Proposition 2.3 every space in KLS(^ a;) is a continuous image of a metrizably 
fibered compact space. Since all metrizably fibered compact spaces are first-countable, A{u>i) 
is in KLE(2), but is not metrizably fibered. Note also that every space in LS(^ uj) is weakly 
metrizably fibered, and that a compact space is weakly metrizably fibered if and only if it is in 
LE(^ io) (the family of all finite intersections of members of the family M from the definition 
of weakly /C-metrizablc spaces cited above is a network with respect to the cover of X formed 
by the sets Cx = f]{N e J\f : x & N }, x & X). It is shown in [6] that every such compact 
space is sequential. 

Since every metrizably fibered compact space is first-countable, it follows that every space in 
KLS(^ a;) is Prechet. 

Example 2.8. (Example 2.13 in [14]). Let K be the one-point compactification of a Mrowka 
space. Then i^T is a countable union of subspaces in LS(^ 2), (countably many singletons 
and the one-point compactification of a discrete space of cardinality ^ 2'^) and hence is itself 
in LS(^ 2). Since K is not Prechet, it is not in KLS(^ u). 

As we mentioned above, every compact space in LS(^ a;) is sequential [6], and therefore has 
countable tightness [14]. Of course, every space in LS(^ 1) has countable tightness. The next 
example shows that not all spaces in LE(< u) have countable tightness. 

Example 2.9. Let X be the subspace of 2'^^ which is the union of the set S of all points 
that have finitely many coordinates equal to 1 and the singleton {1} where 1 is the point 
whose all coordinates are equal to 1. It is easy to see that the tightness of X at the point 1 
is uncountable. From Lemma 2.9 in [10] it follows that S is a countable union of continuous 
images of spaces of the form A(lji)" x 2", n £ u, and hence is in the class LE(< co). Thus, X 
is a (j-compact space in LS(< to) of uncountable tightness. 

Question 2.10. Does the class LS(2) contain a space of uncountable tightness? Does any of 
the classes LS(n), n G contain a space of uncountable tightness? 
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Recall that a free sequence of length k in a topological space X is a function f : k, ^ X such 
that for every a < k, the sets { f{0) : (3 < a} and { : a ^ (3 < n} have disjoint closures. 
If X is a compact space, then the tightness of X is equal to the supremum of the lengths of 

free sequences m. X [1]. 

Theorem 2.11. Assume that k is an uncountable regular cardinal, and X G LE(< k). Then 
every free sequence in X has length < k. 

Proof. Fix a compact cover C with a countable network A/" in X so that every element of C 

has weight < k. 

Suppose / : K — > X is a free sequence in X. For every a < P ^ k put F{a,(5) = cl/[[a,/3)]. 
Then by the definition of a free sequence F(0, a) fl -F(q!, k) = 0. 

Since \N\ = oj, there exists S < k such that for every N E J\f either sup/~^[iV] < S or f~^[N] 
is unbounded in k. Fix C G C so that f(S) G C. Wc claim that there exists ckq G [S, k) such 
that C n F{ao, /3) = for every /? > cto- Indeed, otherwise for every a > 6 pick pa G C such 
that Pa G F{oii 0{oi)) for some Q{a) > a. Choose unbounded S C. k\S such that g{a) < a' 
whenever a, a' G and a < a' . Then {pa : a G >S'} is a free sequence of length k in C, which 
contradicts the assumption that w{C) < k. 

Fix > 5 so that C fl F{aQ,[3) = for every (5 > ao. Find (5o > ao such that A'" n 
/^^[[ao, /3o)] / whenever f^^[N] is unbounded in k and N e J\f. Then X \ F(ao,/3o) is a 
neighborhood of C. Thus, there exists N e J\f such that C C N and iVnF(ao, /3o) = 0- Then 
/~^[iV] is bounded in k and therefore sup [AT] < § < ao. On the other hand f{6) G iV, a 
contradiction. □ 

Corollary 2.12. Assume X G LE(^ k) is compact and u). Then t(X) ^ n. 

Remark 2.13. The same argument proves the following statement: Assume that k is an 
uncountable regular cardinal, and X G LE(t < n). Then every free sequence in X has length 
< k; here < k" is the class of all compact spaces of tightness < k. A similar statement 
for countably compact spaces was proved by Tkacenko [13, Assertion 2.2]. A special case (for 
compact spaces) was proved by Tkachuk [13, Thm. 2.11] 

Gerlits and Szentmiklossy proved in [6] that the Helly space belongs to LS(^ lo) (in fact they 
showed that the Helly space can be mapped onto a metric space by a map with metrizable 
fibers - this is a stronger property than being in LS(^ uj)). Todorcevic proved in [17] a 
dichotomy for Rosenthal compact spaces, where one of the assertions is "being a two-to-one 
preimage of a compact metric space". In view of the next result, it is natural to ask whether 
all Rosenthal compacta belong to LS(^ u). 

Proposition 2.14. For every Polish space X, the space 

DCuj{X) = {/ G : / has only countably many points of discontinuity } 

is metrizably-approximable. In particular, every compact subspace of DCi^{X) belongs to 
LS(^ u). 
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Proof. Fix a countable base B in X. Define 

Nu,j = {f eDCjX): f[clu]CJ} 

and let M = {A^u,j : u € B, J is a closed rational interval}. Then is a countable family of 
closed subsets of DC^{X). 

Let Cf = f]{N £M: f e N}. We claim that C/ is metrizable for every / e DCu;{X). 
Fix / G DCuj{X) and g' G Cf. We have (/(x) = f{x) whenever / is continuous at x. Indeed, 
if f{x) 7^ g{x), then we can find u € B and a closed rational interval J such that x € u, 
f[c\u] C J and g{x) ^ J. Then / G iV^^j G A/" and g ^ iVu,j, a contradiction. 
Let A denote the set of all points of discontinuity of /. We have proved that 

CfC{heR'':f\{X\A) = h\iX\ A)}. 

The set on the right-hand side is homeomorphic to M.^ with the product topology. It follows 
that Cf is metrizable, because |^| ^ w. □ 

3. Small Corson compacta need not be in LI;(^ uj) 

Tkachuk proved in [14] that every Eberlein compact space of weight at most continuum 
(equivalently, of size at most continuum) belongs to LS(^ w). This is not true for Corson 
compacta. A consistent counterexample is given in [14]. We show that a certain Corson 
compact space constructed (in ZFC) by Todorcevic in [15] (see also [16, p. 287]) does not 
belong to LS(^ iv). This answers Tkachuk's question from [14]. 

We recall the construction of Todorcevic's Corson compact space. Fix a stationary co-statio- 
nary set A C ui and let T{A) be the collection of all subsets of A which are closed in ui. 
Then {T{A), C) is a tree of height uji whose all branches are countable. Let Y(A) denote 
the collection of all initial branches of the tree T(A) (an initial branch is a linearly ordered 
subset which is also closed downwards). Then Y{A) is a compact subspace of the Cantor cube 
V{T{A)). Since all branches of T{A) are countable, Y{A) is Corson compact. 
Note that 1^(^)1 ^ ui'^ = 2'^ and therefore Y{A) is a "small" Corson compact space. 

Proposition 3.1. For every stationary co-stationary set A C ui, Y{A) ^ LE(^ uj). 

Proof. Suppose Y{A) G LS(< u) and let C be a cover of Y{A) consisting of metric compacta 

and A^ a countable network with respect to C. It has been proved in [16, p. 287] that T{A) 
is a Baire partial order, which means that, as a forcing notion, it does not add new countable 
sequences. 

Assume now that we are working in a countable transitive ZFC model M and let G be a 

r(A)-generic filter over M. In M[G], the space Y{A) (with the topology generated by open 
sets from the ground model) is still in LS(^ lo), because C still consists of metric compacta 
(by the fact that there are no new sequences in M[G]), and A/" is still a countable network for 
C. 

On the other hand, the generic filter G introduces an uncountable strictly decreasing chain 
of open subsets of Y(A). Thus, YlA)^^"^ contains an uncountable free sequence, which 
contradicts Theorem 2.11. □ 
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4. Some results concerning classes LS(^ n) 



Proposition 4.1. Let n & cu and assume X is a space which has a disjoint family of open sets 
{Ua- a < ui}, and for each a < Ui there is a closed set dUa such that ^ LS(^ n). 
Then X ^ LS(^ n + 1). 

Proof. Suppose X G LS(< n + 1) and fix a cover C C which has a countable network 

Af. For each a < cvi the collection {Y^ CiC : C E C} is a, cover of Y^ with a countable network 
in Ya- Since Ya ^ Li;(:^ n), there exists G C such that Cq, C Ya- Choose E J\f so that 
Ca C Na C Ua- Tlicu Na / Nj3 for a ^ P, & contradiction. □ 

Proposition 4.2. Let n G lo and assume {X^: ^ < k} C. LS(^ n) is a family of compact 
spaces and k ^ 2^ . Let X be the one-point compactification of ©^<k-^^- Then X G LS(^ 
n + 1). If X^ G LS(n) for uncountably many ^, then X G LS(n + 1). 

Proof. For each X^ fix a cover C [X^]^" with a countable network Af^ in X^. We assume 

that X^ n Xjf = whenever r] and that X = {oo} U [j^^^ X^. 

Define C = {C U {oo} : C G C^, ^ < k}. We will show that C has a countable network in X. 

Let J\f^ = {N^ : k < uo} and fix a countable family A C V{k) which separates finite sets (here 
we use the fact that k ^ 2'^). Let A* = [j^^^X^. Define 



Then TV is a countable family. We claim that is a network for C. Fix C = Cq U {oo}, where 
Co G Fix an open set U C X such that C C U. Then i7 is a neighborhood of oo, so the 
set F = {r] < k: Xr^ %U} is finite. Find Ae A such that ^ G ^ and (F \ {^}) n ^ = 0. Find 

k <oj such that Cq C C U n X^. Let M = {oo} U {A* n U^<k )• Then M G TV and 
C C M C [/. 

The second statement follows from Proposition 4.L □ 

Corollary 4.3. All classes LS(n), forn < u, as well as LS(ti;), restricted to compact spaces, 
are nonempty. In fact, for every n G to there exists a scattered compact space X^ of height n 
and of cardinality coi, such that X„ G LS(n + 1). □ 

By Proposition 2.5, 

Proposition 4.4. Assume X G LS(^ n) and Y G LS(^ k), where n,k < to. Then X xY e 
LE(^nA;). □ 

Proposition 4.2 implies that A{k) G LE(2) if w < k ^ 2'^. Below we show that A{uji)'^ G 
LS(n + 1), but A{loi) x A{lo2) ^ LS(3) even if L02 ^ 2^. 

Theorem 4.5. G Li;(n + 1). 

Proof. Let A{loi) = loi + 1, where all points of uji are isolated. The proof is by induction on 
n. The case ri = 1 is proved above. Suppose that n > 1. Since A{iOi)^ contains toi disjoint 
clopen copies of yl(a;i)"^^, ^(wi)" LS(< n + 1) by Proposition 4.1. 
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For each permutation p : n ^ n, consider the subset Xp of A{uji)^ defined by 

= {{xi)i<n ■ Xp(^) < Xp(^i+i) for alH < n - 1}. 

Then ^(o-'i)" = UjJ'^p : p G "n is a permutation}. By Proposition 2.4, it sufRccs to prove 
that eacli Xp G LS(< n + 1). Since all Xp are homcomorphic, it suffices to prove that 
Xid G LE(< n + 1). We first define a cover by n + 1 element sets: 

For each a = {ao, ai, G Xi^ n and for each A; < n let be the element of X^^ 
obtained by changing the last n—k coordinates of a to wi. So, = a and = (cji, wi, a;i). 
Let 

Ca = {a'^ : k <n, a e XpD }. 
These sets form our cover of Xia by n + 1-element sets. 

We now define a countable network for this family in Xj,^. The elements of this network will 
be constructed from three countable families of sets: 

Family 1: We assume, by induction, that the collection of similarly defined sets in A{oJi)"-~^ 
has a countable network (note that for n = 1 this follows from 2.7.3). Since A{u!i)'^~^ is 
naturally identified with the subspace Y = A{u>i)^~^ x {wi}, there is a countable network for 
the sets Ca H Y contained in y n Xid- Call this countable family My- Notice that for each 

a G Xid, the only point of C-^ not contained in Y is a. 

Family 2: Fix a countable family C ^'^toi of functions such that {{a, P) ■ P < a} = [J J^. For 
a sequence / = (/j : z < n — 1) in let Nj C Ui be the set of (Q;i)i<n such that = /j(aj+i) 
for each i < n — 1. Notice that each Nj C Xi^- 

Family 3: Let A/q be a countable family of subsets of coi that separates points from finite sets. 
Our network will consist of sets of the following form: 

Nu{Njnl[Ni) 

i<n 

Where iV G A/V, 7 G and each Ni G ATq. 

To verify that this family is a network with respect to the cover by the sets Cq, fix a G X[d 
and an open set U ^ Ca- By construction, there is an A/" G A/y, such that Ca\{a} C. N C U. 
Since ao = {uji,uji, G U, we may fix finite sets Fj C cji for z < n so that 

V{0) = l[{uj,\Fi)CU. 

i<n 

Similarly, for each < A; < n, we may fix a basic open set V{k) containing oik- Without loss 
of generality, we may assume that 

V{k) = {ao} X ■ ■ ■ X {ak-i} x H Fi) C U. 

k<i<n 

Moreover, we may assume that ctj G Fi for each i < n. 

For each i < n fix A'j G A/q such that NiH Fi = {ai} (that is, separates the point from 
the finite set Fj \ {ai}). 
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Next, for each i < n — 1, fix /j G such that fi{ai + 1) = Oj. Clearly, 

i<n 

SO it suffices to prove that ]^{fi)^Yli^n — suppose not, and fix /3 = (/3o, /3n-i) £ 

(A^(j.) n ni<n -^i) \ ^- -^^^ ^ maximal such that = CKfe (if there is no such A;, then Pk ^ 
for every k and hence P G ^ [/). Then = aj for all i < k, since /3 G -^(z^), and /?j Fj 
for all i > k. Thus, /3 G C [/, a contradiction. □ 

Let us now prove that A{u>2) x A{lo2) ^ Li;(3). 

Given two families Ci, C2 of subsets of a set X, denote Ci AC2 = { Ci nC2 : Ci G Ci, C2 G C2 }. 

Lemma 4.6. Xei Ci, C2 be covers of a space X by finite sets, and Mi, J\f2 networks with 
respect to Ci and C2 ■ Then A/i A A/2 is a network with respect to Ci A C2 . 

Proof. Let Ci = {ui, . . . ,Uk, si, . . . , Sm} e Ci, C2 = {ui, . . . ,Uk,ti, . . . ,ti} G C2, and let U be 

a neighborhood of C = Ci n C2 = {ui, . . . , Uk} in X. Fix disjoint neighborhoods , . . . ,Uti 
of the points in Ci U C2 so that f4j U • • • U [4^^ C f/. Fix TVi G M and iV2 G A/'2 so that 

Ci C A^i C (J{i7„, : 1 ^ i ^ A;}uU{[/,, : 1 ^ z ^ m} 

and 

C2 C iV2 C U{ C/n, : 1 ^ i ^ } U U{ C/t, : 1 ^ i ^ / } 

Then AT = AT^ n A^2 is an element of M A M such that Ci n C2 C iV C |J{ : 1 ^ ^ ^ ^ } C 
U. □ 



Theorem 4.7. ^(a;2)2 ^ LS(3). 

Proof. If a;2 > 2*^, then A(t(;2) is not in LS(3), because every space in LS(n) has cardinality 

So assume W2 ^ 2'^. Let A(a;2) = ix'2 + 1, where all points of L02 are isolated. Let Co be the 
cover of A{lu2)'^ by the sets of the form Ca3 = {{a, (3), {0,102), {^^2, P), {^2 ^ ^2)}, <^iP < ^2- 
Then there is a countable network A/q with respect to Cq (see Example 2.7(3) and equivalence 
of (a) and (b) in Proposition 2.2). 

Now suppose that there exists a cover C of ^(0^2)^ with at most 3-point sets and a countable 
network Af with respect to C. Replacing C with C ACq and Af with TV A TVq if necessary, we 
may assume that every clement of C is contained in a set of the form Cad- 
We will say that an element C of C is of type 1 if for some a, (3, C C {(a, /3), {i02, P), ("^^2) '^^2)}! 
is of type 2 if C C {(a,^), (a,a;2), (^2,^^2)1, and of type 3 if C C {{a, P), {a,uj2), {uj2, P)}- 
Note that the elements of C of the three types cover L02 'x UJ2- Furthermore, there are at most 
countably many elements of type 3. Indeed, otherwise the union P of all elements of C of type 
3 would be a Lindelof S-space, which is impossible, because one of the three sets 

Pn(A(t^2) X {u;2}), Pn({u;2}xA(u;2)), {{a, P) ^ P : {a,uj2) i PA^2, P) i P} 
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would be an uncountable closed discrete subspace of P. Removing from A{oj2) all elements 
of L02 that occur as coordinates of points of P, and taking intersections of C the square of the 

remaining set, we will obtain a cover without elements of type 3 and the intersection of 
with this square is a countable network with respect to this new cover. Thus, we may assume 
that all elements of C are of type 1 or 2. 

Let e W2 x 002; choose an element C of C such that (a,/3) e C. If C is of type 1, then 

V = {A{lo2) X {/3}) U (A{ll!2) \ {a})^ is a neighborhood of C, so there is an G such that 
C C N CV. Obviously, n {{a} x ^2) = Similarly, if C is of type 2, there is an 

N eJ\f such that iV n (a;2 x = {(a, (3)}. Thus, the sets 

Bi = {{a, P) e UJ2 X UJ2 : N n {{a} x ^2) = for some N eAf} 

and 

B2 = {{a, P) e UJ2 X U2 : N n {uj2 x {P}) = {(a, /?)} for some N eM} 

cover L02 X UJ2- Note that for any given a E L02 and iV € there is at most one P E U2 
such that A'' n ({a} x a;2) = {(«, /?)}, so for every a G a;2, the set Bi n ({a} x ^2) is at most 
countable. Similarly, for every P ^ 002 the set B2 fl {u)2 x is at most countable. The 
existence of such a pair of sets covering uj2 x L02 contradicts a theorem of Kuratowski [8] . □ 

Note that the same proof shows that A{u!i) x A{uj2) LS(3). 

It appears natural to expect that if X G LE(n) for some n > 1, then the sequence such 
that X'^ G LS(nfc) should increase to infinity; hence the following question: 

Question 4.8. Suppose X'^ G LS(< cj). Must X have a countable network? 

The results in this section allow to obtain a consistently positive answer to this question. 

Proposition 4.9. Suppose X G LS(< uj). Then there are subspaces Xn C X , n E to, such 
that Xn G LE(^ n), and X = |J{ Xn : n & to}. 

Proof. Let p: Af ^ X be a finite- valued use mapping from a second-countable space M such 
that p{M) = X. For every n Glo, put M„ = { m G M : \p{m)\ <n} and X„ = p{Mn). □ 

Proposition 4.10. Assume X is a space such that X^ G LE(< a;). Then for some n E lo, 
X"^ G LS(n). 

Proof. For cvcrj^ k G i^, let vr^ : {X^)^ X'^ be the projection to the A;th factor. Since {X'^)^ 
is homeoniorphic to X^ , we have [X^Y = U{^fc : /c G w } where X^ G LS(^ k). Obviously, 
-KniXn) = X^ for some neu. Then X'^ G Li;(^ n). □ 

Theorem 4.11. If X'^ G LS(< w), then X'^ is hereditarily separable. 

Proof. Let us first show that X^ has no uncountable discrete subspaces. By Lemma 4.10, 
X'^ G LS(n) for some n G a;. Let I? be a discrete subspace of X, and let F be its closure in 
X. Since is a closed subspace of X^ , F'^ G LS(^ n). If D were uncountable, this would 
be impossible, because from Proposition 4.1 by a simple inductive argument would follow 
^ LS(^ n). Thus, every discrete subspace of X is countable. 
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Since X'^ is homeomorphic to its square, it follows that X*^ is hereditarily separable or hered- 
itarily Lindelof [20, Theorem 1]. If X'^ is hereditarily Lindelof, then it has G^-diagonal, and 
since it is a Lindelof S-space, it must have countable network [3] . □ 

Thus, if the answer to Question 4.8 is negative, then there is a strong 5-space. Since MA^^^ 
implies that there are no strong S'-spaces [7], we get 

Corollary 4.12. If MA^^ holds, and X'^ G LS(< u), then X has countable network. 

5. Dense metrizable subspaces 

Tkacenko asks in [13] whether every compact space in LS(^ co) has a dense metrizable sub- 
space. One cannot hope for a completely metrizable dense subspace because, for example, all 
metrizable subspaces of the double arrow space (which is in KLS(^ 2)) are countable. 

We give a partial answer to Tkacenko's question, namely, we show that every space in KLE(< 
io) has a dense metrizable subspace. On the other hand, under MA^^^ , there exists a non- 
separable ccc space X G KLE(^ oo) which is even metrizably fibered; see Theorem 3.5 in the 
survey article of Todorcevic [18]. Observe that X cannot have a dense metrizable subspace, 
because such a subspace would be ccc and therefore separable. This gives a consistent negative 
answer to Tkacenko's question (see Problems 3.1 and 3.5 in [13]). 

Todorcevic proved in [17] that every Rosenthal compact space has a dense metrizable subspace. 
The key fact in the proof is the absoluteness of the class of Rosenthal compacta with respect 
to forcing extensions. We use the same idea, proving that the class KLS(< lo) is absolute. 

The following result is due to H.E. White, Jr. [19]. 

Proposition 5.1 (White Jr. [19]). Every first countable Hausdorff space with a a-disjoint 
TT-base contains a dense metrizable subspace. 

Let X be a compact space and let L = Closed(X), the collection of all closed subsets of X 
or let L be a sublattice of Closed (X) which is at the same time a closed base (wc shall say 
that L is a basic lattice for X). Observe that every point of X corresponds to an ultrafilter 
( = a maximal filter) in L. More precisely, the compact space X can be recovered from L as 
the space Ult(L) of all ultrafilters in L; the topology is generated by closed sets of the form 
a~^ = {p € Ult(L) : a & p}, where a G L. This gives an idea of how to interpret a compact 
space in a forcing extension. Namely, if X is a compact space in a ground model (a countable 
transitive model of a "large enough" part of ZFC) M and if G is a P-generic filter over M, 
where P G M is a fixed forcing notion, then we can define X[G], the interpretation of X in 
M[G], as Ult(L) computed in M[G], where L = Closed(X) (in fact, L can be any basic lattice 
for X). In M[G], L is the same algebraic object, but Ult^['^l(L) is usually different from 
Ult^(L). It can be proved that the definition of X[G] does not depend on the choice of L (as 
long as L is a basic lattice for X). 

Let us remark that compact spaces in forcing extensions and absoluteness were already studied 
by Bandlow [4]. 

12 



A lattice (L, +, •, 0, 1) is normal if it is distributive and for every a, 6 G L such that a ■ b = 
there exist a', 6' G L such that 

a-b' = a' ■b = and a' + b' = 1. 
Every basic lattice for a compact space is normal. 

The following result is due to Todorcevic [17], although it is not stated explicitly in [17]. For 
the proof see Lemma 4 of [17]. 

Proposition 5.2. Assume X is a compact space such that for every KO{X)-generic filter G 
over some ground model containing X, the extension X[G\ has countable tightness. Then X 
has a a-disjoint ir-base. 

The following result appears in Tkachuk [14]. For the sake of completeness we give a proof, 
which is different from the one in [14]. 

Lemma 5.3. Assume K G LE(^ u) is compact. Then K has a dense set of Gs-points. 

Proof. It suffices to show that K contains at least one G^-point, since the class LE(^ tu) is 
stable under closed subsets. Let C be a compact cover of K consisting of metrizable sets and 
let Af = {Nn : n £ Lo} he a countable network for C which consists of closed sets. Choose a 
sequence of open sets {?7„ : n e lo} such that cl Un+i Q Un and either ?7„ C Nn or Un^N^ = 0. 
Let F = Hnetj ^n- Then F is a nonempty closed G^-set. Choose C G C such that F n C 7^ 0. 
If -F 2 C*, then there \s w. N £ M such that C C. N and F ^ N, which is impossible by the 
construction of F. Thus, F C C. It follows that F is a closed G^-set contained in a metrizable 
subspace G of K. Hence, every point of F is Gs in F, and therefore also Gs in K. □ 

The rest of this section is devoted to the proof that the class KLi;(< uo) is absolute. 

Assume ip: X is a use compact- valued function with nonempty images of points, and let 
K = Closed(X), L = Closed(F). Define /i: L ^ K by setting 

h{a) = {x e X: ip{x) n a 7^ 0}. 

Note that h is well defined by the upper semicontinuity of ip. We will call h the lattice map 
associated to ip. Assume further that X is compact and Y = IJiex fi^)- Observe that h has 
the following properties: 

(1) h{ai U 02) = h{ai) U h{a2). 

(2) ft,(0) = and h{Y) = X. 

(3) h{a) ^ whenever a 7^ 0. 

(4) If ^(o) n 6 = then there exists c such that a n c = 0, 6 C h{c) and b n h{a') = 
whenever c n a' = 0. 

Properties (l)-(3) arc obvioTis. To see (4), take c = \J^^i^ip{x) and note that by use, c is a 

compact set, and therefore is in L. 

It turns out that it is possible to reconstruct if from a map /i: L — > K satisfying (l)-(4). More 
precisely: 
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Lemma 5.4. Assume L, K are normal lattices and h: L, ^ K is a map satisfying conditions 
(l)-(4) above. Then there exists a compact-valued use map ip: Ult(]K) — ^ Ult(L) such that 

(*) /i(a)+ = {pe Ult(K) : ip{p) n a+ 7^ 0}. 

Proof. Fix p e Ult(IfC) and define 

I{p) = {a G L: h{a) ^ p}. 

Observe that I{p) = h~^[p] is an ideal by (1), (2). Denote by "a ^ 6" the relation "a"*" C 
intb"*"", which by normality can be defined algebraically as "there exists c such that a • c = 
and c + b = 1" . We claim that I{p) is <C-directed, i.e. for every a G I{p) there is a' G /(p) 
with a <^ a' . 

Fix a G ^(p)- Find b G p with /i(a) -6 = 0. Using (4) find c such that a ■ c = 0, b ^ h{c) 
and 6 • h(a') = whenever c • a' = 0. By normality, there are a', c' such that a' + c' = 1 and 
a ■ c' = = a' ■ c. It follows that a <IC a' and ^(a') ^ p because h{a') -6 = 0. Thus a' G /(p). 
The property that I{p) is ^-directed ensures that the set 

u{p) = \J{a-^:h{a)ip} 

is open. Define 

<^(p) = Ult(L)\u(p). 
We need to check that (*) holds and that ip is use. 

Fix p G h{a)^ and suppose V'(p) H = 0. Then a+ C u{p) which, by the fact that I{p) is a 
^-directed ideal, implies that a G I{p), a contradiction. Conversely, if ip{p) fl a"'' 7^ 0, then 
certainly a ^ /(p), which means that p G /i(a)'*'. This shows (*). 

To see that (p is use, fix an open set u C Ult(L) and fix p such that ip{p) C n. Using the 
fact that {a"*" : a G L} is a basic lattice for Ult(L), find c G L such that « U c"*" = Ult(L) and 
¥5(p) n c+ = 0. Then 

p G {x G Ult(IC) : ip{x) n c+ = 0} C {z G Ult(IC) : (^(x) C «}, 

and the set in the middle is open by (*). It follows that if is use. 

This completes the proof. □ 

Lemma 5.5. Assume L, K are basic lattices for compact spaces Y and X respectively and 
^: L — > K is a map associated to a compact-valued function ip: X ^Y. Define 

Th = {s e [L]<"' : (V ai, 02 G s) ai n 02 = and f~] h{a) / 0}. 

Endow Tfi with a strict partial order < defined by s < t iff 

(i) every a G s is below some a' G t, 

(ii) for every b G t there is a G s with a Q b and 

(iii) for some b &t there are two distinct (and therefore disjoint) sets ai,a2 G s such that 
ai U 02 C b. 

Then (p is finite-valued if and only if (T^, <) is well-founded. 
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Proof. Assume that si > S2 > • • • is an infinite decreasing sequence in (T/j, <). Observe that 
HaGsn ^('^) — HaGsn+i ^^^"^ ^"^^^y ^ £ Lo and therefore by the compactness of X, there is 
X ^ X such that x G Claesn ^(^) ^'^^ every n G w. This means that (p{x) a $ whenever 

a Sn and n € oj. 

Let F = ip{x) n Plneu; U ^n- By compactness and by the definition of <, F is an infinite closed 
subset of Y, which shows that ip{x) is infinite. 

Assume now that ip{x) is an infinite set for some x G X. Construct inductively a sequence 
si > S2 > ■ ■ ■ in Tft such that a fl (p{x) ^ for every a G and 93(2;) C |J s„. Since ip{x) 
is infinite, a fl (p{x) is infinite for some a G s„, and therefore it is always possible to find 
Sn+i < Sji satisfying the above condition. This shows that (T^, <) is not well-founded. □ 

Theorem 5.6. The class KLE(< oj) is absolute. That is, if M is a transitive model of (a large 
enough part of) ZFC such that X e M and M \= X e KLS(< u) then, setting L = Closed(X) 
( defined in M ), for every ZFC model N which extends M , we have that 

N ^ Ult(L) G KLS(< u). 

Proof. We work in M: Let T be a compact metric space and let (p : T ^ X he a finite-valued 

use function such that X = IJteT "^(O- Let L = Closed(X) and K = Closed(T). Let /i: L — > IK 
be the associated map. Then the poset {Th, <) is well founded by Lemma 5.5. 

In A^, /i is a map of normal lattices satisfying conditions (l)-(4) (these conditions are clearly 
absolute), and (T)i,<) is the same object as in M. The property of being well-founded is 
absolute. Thus, by Lemmas 5.4 and 5.5, we deduce that Ult^(L) is an image of a finite- 
valued use function defined on Ult^(IK). It remains to observe that Ult(IfC) is mctrizablc. The 
metrizability of Ult(K) is equivalent to the fact that K is separated as a lattice by a countable 
family, that is, there is a countable N CK such that for every a, 6 G IK with a-b = there are 
a', b' E N such that a ^ a', b ^ b' and a' ■ b' = 0. The last property is true in M and remains 
true in any ZFC model containing M. 

□ 

Corollary 5.7. Every space in KLE(< lo) contains a dense metrizable subspace. 

Proof. By the above theorem combined with Lemma 5.3, Propositions 5.1, 5.2 and Corol- 
lary 2.12. □ 

Let us mention that, at least consistently, the class KLS(^ uj) is not absolute. In fact, the 
example of Todorcevic from [18] (mentioned in the beginning of this section) constructed 
under -1 MA^^^ , which is a metrizably fibered compact space, must have uncountable tightness 
after forcing with its regular-open algebra — otherwise it would contain a dense metrizable 
subspace. 

6. Results under MA^^j 

We prove that MA^^^j implies that each compact spaces of scattered height 3 and of size loi is 
in LS(^ 3). We first state and prove a general lemma about strongly almost disjoint families 
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on LOi- By a strongly almost disjoint family of sets we mean any collection of infinite sets with 
pairwise intersections finite. The family may contain both countable and uncountable sets. 

Lemma 6.1. Suppose that {Aa'. a < uji} is a strongly almost disjoint family of subsets of 
uji. Suppose also that {pa- a < cui} is a sequence of pairwise disjoint finite subsets of lo\. 
Then there are a < (3 such that Pa n = and pp n A^ = 0. 

Proof. By passing to a subsequence, wc may assume that there is n € cj such that = n 
for all a. Let M be a countable elementary submodel containing everything relevant and let 
7 = Mn^i. 

Claim 6.2. There are {ai : i < n + 1} C 7 and a P > 'j such that 

( U Pa.)nAf, = 
i<n+l 

Proof. If not, then for each /3 > 7 there are at most n a's below 7 such that Paf^A^ = 0. Thus 
there is a < 7 such that n 7^ for each a G M \ ct^. Choose {/3j : f < n + 1} C M \ 7. 
Choose an index a € M above {a^. : i < n + 1} such that all ordinals in pa lie above the 
following finite set: 

U (^ftn^;3,)nM 

0^i<j<n+l 

Then for i < n + 1 we have that Pa n A^. ^ and the sets Pa n Af). are disjoint. This 
contradicts that \pa\ = n. □ 

To complete the proof of the main lemma, note that since Aa^ fl Aaj C M for each i ^ j, 
by the pigeon-hole argument just presented in the proof of Claim 6.2, we may conclude that 
pp n Aon — fo'' some i < n+1 (here we use that n M = for /? > 7, and this can be 
easily arranged by going to a subsequence). □ 

Theorem 6.3. MA^^^ implies that all compact spaces of cardinality loi and scattered of height 
3 are in LS(^ 3). 

Proof. Let X he a compact space of scattered height 3 and of cardinality uji. Without loss 
of generality, X is of the form I U D U {00} where / = wi is the set of isolated points and 
D = {da - a < LOi} the set of isolated points in X \ a;i (the cases where either 7 or is 
countable do not require any extra set-theoretic assumptions and the space is in LE(^ 2)). 
For each a < loi let Ua be a clopen neighborhood of the point d„ such that Ua \ I = {da}- 
Let Oa = C/a n wi. Then {a^ : a < wi} is a strongly almost disjoint family of subsets of wi, 
i.e., Qa n ap is finite for each a ^ (3. Some, but not necessarily all, of the sets aa may be 
uncountable. We may assume that 

(a) For each finite F Quj\, u\ \ UagF ^01 is uncountable. 

If not, it easy to see that X is the sum of a countable subspace and a compact subspace with 
finitely many non-isolated points, and therefore (without any extra set-theoretic assumptions) 
X is in Li;(^ 2). If we choose the neighborhoods Ua with some care, we may assure that 

(b) for each finite x Qui and each a < a;i, x is covered by IJ/3>a '^P- 
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Therefore, oo has a local base consisting of sets of the form 

{00} U{D\F)U{iOi\\J aa) 

We may also make sure that 

(c) for each finite x C. loi there are uncountably many a such that fl x = 0. 

We now define a poset P consisting of all pairs {p,F) where both p,F ['^1]^'^ with the 
property that p D IJogf ~ ^- ^® define {p, F) < {q, G) ii q Q p and G Q F. 

Claim 6.4. P has the ccc. 

Proof. Let {{pa,Fa): a < coi} be an uncountable subset of P. By a standard A-system 
argument, we may assume that the sets PaS are pairwise disjoint and likewise for the F^s. 
Let Aa = U/3eFa '^P' Lemma 6.1, we may find a < (3 such that Pa n Afj = ^ = pp f] Aa- It 
follows that {pa U Fa U Fp) G P is a common extension. □ 

Let Ptj denote the finite support product of countably many copies of F. By MA^^^ , P^^, has 
the ccc, and we may fix a filter G in P^^ generic for the following dense sets: 

Ea,G = { r G : r(n) = {p, F) for some n E u, p 3 a and F D G} 
for a € uJi and G C cji finite such that a U/3eG 

One easily defines from the generic two countable families of subsets of coi, {In - n £ to} and 
{Dn : n e oj} such that 

(d) a;i = U„/n = Un^n 

(e) For each n, /„ fl Cq, = for each a E Dn 

(f) For each a & toi and each finite F C. loi such that a U^eF ^fi' there is an n such 
that a e Iji and F C Dn- 

We need to define a similar family of sets before we give the cover and network witnessing 
that X G LS(^ 3). To do this we let 0'^ = aaC] U/3<a for each a- Thus, 

(g) {ua \ : a G a;i} is a disjoint family and [J{aa \ : a G wi} = wi. 

Now we define another poset Q consisting of all pairs {p,F) where p,F £ ['^1]^'^ with the 
property that IpRa'^l = 1 and pHaa = pCia'a for each a G F. I.e., for each a E F, p intersects 
tta at exactly one point, and that point is in a'^- 
We take the same ordering given by D on both coordinates. 

Claim 6.5. Q has the ccc. 

Proof. Given an uncountable subset {{qa,Ga)- a G wi}, we may assume that the g^'s form 
a A-system with root r. Let pa = qa\r- We may also assume that the Ga's form a A- 
system with root R. Let Fa = Ga \ R- By going to a subsequence we may assume that 
Pa n IJ{^^- ? ^ ^} ~ ^ fo'^ each a. Thus, for each ^ G R, qa a'^ = r f] a'^. Thus, if we 
let Aa = U^eFa ^( follows that {qa,Ga) is compatible with some {qfj^Gp) if and only if 
Pa^ Ap = $ = pfjr\ Aa- The existence of such a pair is given by Lemma 6.1. □ 
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Again we take the finite support product of countably many copies of Q and denote it by 
Qu)- Taking dense sets defined similarly as above, MA^^ gives us two countable families 

{ J„ : n £ uj} and {E^ : n € u;} such that 

(h) I Jfi n a^l = I J„ n a^l = 1 for each n £ uj and for each a G En. 

(i) For each (3 £ uji and for each finite -F C u;i such that (3 £ a'^ for each a G F, there is 
an n such that (3 E Jn and F C E^- 

We are now ready to describe a cover C of the space X consisting of 3-element sets and a 
countable family of subsets that is a network for the cover. 

For each a £ loi and each /3 G Cq, \ put {/?, da, oo} G C. Also put {da, oo} G C in the case 
that Ga = a'a- Clearly, by clause (g), this collection of sets covers X. Now define a countable 
family of sets as follows: Let Nd be a countable family of subsets of D that separates points 
from finite sets. Then let Af consist of all sets of the following forms: 

(1) {oo} U iV U (/„ n Jm) for N e Nd and n,meuj. 

(2) {oo} U N U In for N e Nd and neu, 

(3) {oo} UNUJnioT N e Nd and neu, and 

(4) {oo} U AT, for N e Nd- 

To see that this countable set is a network at C, fix c = {f3, da, oo} G C and fix an open set 
[/ 5 c (if c is of the form {o?a, oo} the proof is easier). By clause (b), there is a finite H C. cui 
with a ^ H such that 

Vh = {oo} U{D\H) a^) C U. 

Thus, c C Vff U {/?} C U. Let F = e H: 13 ^ a^} and let G = e H : l3 e a^}. Assume 
that F and G are both not empty (in the case that one is empty, the proof is similar). Note 
that since /3 G Oq \ a^, it follows that /3 G for each G G. Fix n such that /3 G In and 
F ^ Dn, and fix m such that /3 G Jm and G C Em- Then it is straightforward to verify 
that /3 G /n n J„j C Vff U {/?}. Also hx N e Nd such that a G AT and AT n i7 = 0. So, 
cC{oo}UAru(7„nJ^)CC/ as required. This completes the proof of the theorem. □ 

Wc now show that some assumption is needed for Theorem 6.3. Consider the following X-like 

principle: 

(*) There is an almost disjoint family {a^ : a G <^i} of countable subsets of uJi such that 
for each countable family X C [loi]^'^ there are uncountably many a such that Oq, fl a; 
is infinite for each x E X. 

It is straightforward to obtain such a family from, for example, <0. (*) gives a strong coun- 
terexample showing that some assumption is needed in Theorem 6.3: 

Example 6.6. Assuming (*) there is a compact space X of cardinality ui and of scattered 
height 3 such that X is not in the class LS(^ a;). 

Proof. Let X be the one-point compactification of the ^'-like space based on the almost 
disjoint family {oq,: a G cui} witnessing (*), then X is not in LS(^ lu). To see this suppose 
otherwise, and let C be a cover by second countable (hence countable) compact subsets and 
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M a countable network with respect to C. Choose /3 G wi so that if iV G A/" and if A'" n is 
countable then AT n C /3. Enumerate the set {N r\{ui\P): N e M} \ {0} as {Nk -.keu}. 

Choose now a c € (7 such that c fi {loi \ (3) is not empty. Since c is countable, we may also 
choose a such that ^ c and a„ fl is infinite for each k G lo. But a„ n c is finite, so 
U = X \ {{aa} U (oq \ c)) is an open set containing c. However, by choice of a^, there is 
no element of M containing c and contained in U. This contradicts that is a network at 
C. □ 

Theorem 6.7. Assuming MAa;^, Aronszajn trees are in the class LS(^ lo). 

Proof. For the topology on T, an Aronszajn tree, we define [s] = {i G T: s ^ and declare 
[s] clopen for each s of successor height in T. For each s G T let [s] = {t E T: t ^ s}, 
the downward closure of s. The downward closure of each element of T is compact second 
countable, so if C = { [s] : s G T} then C is a cover by second countable compact sets. For 
a: C T we let \X] = [J{\t]:te X}. 

We will apply MA^^j^ to find a family {{Dn, F^) : n E u} such that 

(1) [Dnl n -F„ = for each n G oj, and 

(2) for each t G T and each F G [T]<^ such that \t] n F = 0, there is n such that t G -D„ 
and F C F„. 

Indeed, if such a family exists, it is straightforward to verify that { [-Dn] ■ n & to} is a network 
for the cover C. 

To obtain the family, we first define a poset P as follows. Let 

P = {{x, F):x,Fe [T]<'^ such that \x]nF = 0}. 
We order P in the natural way: {x, F) < {y, G) ii y C x and F QG. 
Claim 6.8. P is ccc 

Proof. Let {(xq. Fa): a G c<Ji} CP. Without loss of generality we may assume that 

(a) for a < P, all elements of Xa U Fa lie in levels lower than any element of xpU Fp, 

(b) there is n,m G a; such that \xa\ = n and \Fa\ = m for all a E u>i. 

We prove by induction on n and m that there is an uncountable centered subset. The first 
nontrivial case is where n = m = 1. In this case let Xa = {sa} and Fq, = Since we are 

assuming MA^^^ we have that T is special, so we may assume that 

(c) {ta : a G wi} is an antichain in T. 

If {/?: ta < Sfs} is countable for each a, then it is straightforward to recursively construct an 
uncountable pairwise compatible subset. Otherwise, there is ao such that A = {P : tao < sp} 
is uncountable. However, in this case (a) and (c) imply that {{spjtp): /3 e A} is pairwise 
compatible (in fact centered). 

To accomplish the induction step assume that for any family {{ya, Ga) : a G oJi} as above with 
\ya\ = IT' — ^ has an uncountable centered family and that for any family {{ya, Ga) : a G wi} 
with \ya\ = n and \Ga\ < m has an uncountable centered family. 
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Consider first the case that m > 1: Fix ta & and let = \ {ta}- By the inductive 
assumption for m — 1, there is an uncountable A such that {{xa,Ga)' Q; G ^} is centered. 
Also by the induction assumption for I < m there is an uncountable B Q A such that 
{{xa, {ta}) '■ OL G B} is centered. By the definition of the ordering it follows that {(xq, Fq) : a G 
S} is centered. 

To prove the case where m = 1, we may assume that n > 1. Fix G Xa and let j/q = Xo\{so\. 
By the same procedure as above we may obtain an uncountable B so that both families 
{tyVaiFa)'- " ^ -B} and {({sq,},Fq): a G B} are centered. By the definition of the ordering it 
follows that {(xq, Fa) : a G .6} is centered. □ 

To finish the proof of the theorem, take the finite support product of countably many copies of 
P. Take G generic for the family of dense sets: Dj^g = {p'- (3 n) p{n) = {x,F), t e x,G ^ F} 
where (t, G) range over all pairs t G T and G G [r]<'^ such that \t\r\G = $. Letting 

L>„ = [j{x ■ 3p G G^F{p{n) = {x,F)} 

and 

F„ = [j{F : 3p G GMp{n) = {x, F)} 
it is easy to verify that {{Dn, Fn) : n G w} satisfy 1. and 2. as required. 

□ 

7. Open questions 

Question 7.1. Does there exist in ZFC a space in KLS(^ uj) without a dense metrizable 
subspace? 

Question 7.2. Is the class of compact spaces in LS(< w) absolute? 

Question 7.3. Does there exist a (cr-compact) space X such that t{X) > u and X G LS(n) 
for some n E u? 

Question 7.4. Assume that X^ G Li;(< w). Is it true in ZFC that nw{X) ^ u? 

Question 7.5. Assume that X G LS(^ uj) and p: X ^ Y is a finite- valued use mapping, 
Y = p{X). Must Y belong to LS(^ w)? 

Question 7.6. Are all Rosenthal compacta in LE(^ a;)? 

Question 7.7. Assume MAi^^. Is it true that every scattered compact space of cardinality u}\ 
and height n, n E u, belongs to LS(< n + 1)? 

Question 7.8. Suppose that X G LE(^ co) and y is a space such that Cp{X) is homeomorphic 
to Cp{Y). Must F belong to LE(^ w)? 

Remark. If X G LE(< a;) and Cp{X) is homeomorphic to Cp{Y), then Y G LE(< w); this 

follows from the invariancc of LE(< uj) with respect to finite- valued use images and the main 
theorem in [11]. By a similar argument, a positive answer to Question 7.5 implies "yes" for 
Question 7.8. 
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